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Abstract
The thermostatistical properties of an ideal gas of q-deformed bosons trapped
in a D-dimensional power-law potential are studied, based on the q-deformed
Bose–Einstein distribution. The effects of q-deformation on the properties
of the system are discussed. It is shown that q-deformed bosons (q �= 1)
possess many different characteristics from those of ordinary bosons, which
include the condition that Bose–Einstein condensation (BEC) occurs, the
critical temperature and the continuity of heat capacity.

PACS numbers: 05.70.−a, 05.30.Jp, 05.20.−y

1. Introduction

Since the seminal works were introduced and developed by Sklyanin, Kulish, Reshetikhin and
Drinfed [1–3], there has been increasing interest in the study of q-deformation and quantum
groups [4–20]. For example, a q-deformed boson realization technique was proposed in order
to find the representations of quantum groups [4–6]. It has been shown that the entire structure
of thermodynamics of q-deformed bosons is preserved, but the ordinary thermodynamics
derivative should be replaced by the Jackson derivative (JD) [7–9]. The statistical distribution
of q-deformed bosons is found to be different from the standard Bose–Einstein distribution,
and thus q-deformed bosons (q �= 1) may possess some different characteristics compared
with ordinary bosons.

Several authors have studied the thermostatistical characteristics of an ideal gas of
q-deformed bosons in the absence of an external potential [8–12]. However, the properties
of trapped q-deformed boson systems, which may be more closely related to the experiments
of Bose–Einstein condensation (BEC) in ultracold-trapped Bose gases [21–23], have rarely
been investigated. In the present paper, we will study the thermostatistical properties of
an ideal gas of q-deformed bosons trapped in a generic power-law potential, based on the
q-deformed Bose–Einstein distribution. The general expressions for the critical temperature
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of BEC, the condensation fraction of particles, the total energy and the heat capacity of
the system are derived analytically. The effects of q-deformation on the thermostatistical
properties of the system are discussed.

2. The q-deformed boson algebra and the distribution of q-deformed bosons

The q-deformed boson algebra is realized by defining the q-deformed creation operator â+ and
annihilation operator â which satisfy the commutation relations [4–6]

[N̂, â+] = â+ [N̂, â] = −â (1)

and the nonlinear relations

â+â = [N̂ ] ââ+ = [N̂ + 1] (2)

where N̂ is the number operator, the notation [x] is defined as

[x] ≡ qx − q−x

q − q−1
(3)

and q ∈ R
+ is the deformation parameter.

In order to determine the statistical distribution of q-deformed bosons, we choose the
Hamiltonian of an ideal q-deformed boson system proposed in [10] as

Ĥ q =
∑

k

(εk − µq)N̂k (4)

where k is the state label, N̂k and εk are, respectively, the number operator and energy of state
k and µq is the q-deformed chemical potential. The mean value of the q-deformed occupation
number fk,q is defined by [10]

[fk,q] = 1

�
tr
{

exp(−βĤ q)â
+
k âk

}
(5)

where β = 1/(kBT ), kB is the Boltzmann constant, � = tr(e−βĤ q ) is the partition function.
From equations (1), (2), (4) and (5), one can derive

[fk,q]

[fk,q + 1]
= exp{−β(εk − µq)}. (6)

Using equations (3) and (6), we obtain

fk,q = 1

2 ln q
ln

z−1
q exp(βεk) − q−1

z−1
q exp(βεk) − q

(7)

where zq = exp(βµq) is the q-deformed fugacity.
Equation (7) provides the statistical distribution of q-deformed bosons. It may be called

the q-deformed Bose–Einstein distribution. It can be seen from equation (7) that fk,q possesses
the following properties:

(1) when q → 1, equation (7) becomes

fk,1 = 1

z−1
1 exp(βεk) − 1

(8)

which is just the standard Bose–Einstein distribution. This means that q-deformed bosons
will be the same as ordinary bosons when q → 1.
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(2) The distribution fk,q should be nonnegative. This gives the following restrictive conditions
on the q-deformed fugacity and chemical potential:{

zq � 1/q µq � −kBT ln q (q � 1)

zq � q µq � kBT ln q (q � 1).
(9)

When q → 1, equation (9) is reduced to

z1 � 1 or µ1 � 0 (10)

which are the restriction conditions on the fugacity and chemical potential of an ordinary
Bose system.

(3) fk,q possesses the symmetry property [10]

fk,q = fk,1/q (11)

as long as the condition zq = z1/q is satisfied (see later).
(4) fk,q can be expanded as

fk,q = 1

2 ln q


 ∞∑

j=1

(qj − q−j )
z
j
q exp(−jβεk)

j


 . (12)

It should be pointed out that the definitions of the notation [x], Hamiltonian Ĥ q and
mean value of the occupation number fk,q in literature are not unique. For example, the
notation [x] in [13, 14] is given by a non-symmetric form such as [x] ≡ (qx − 1)/(q − 1);
the authors in [17, 24, 25] introduced different Hamiltonians which involve [N̂k] = â+

k âk

[17] or
(
â+

k âk + âkâ
+
k

)/
2 [24, 25] instead of N̂k; the mean value of the occupation number

in [25, 26] is defined by replacing [fk,q] in equation (5) with fk,q . It is shown that different
choices of [x], Ĥ q and fk,q may result in different distribution functions and, consequently,
different dependences of the properties of q-deformed systems on the parameter q [8–12,
24–26]. All the results derived in this paper are based on equations (3)–(5), which give the
definitions of [x], Ĥ q and fk,q , respectively.

3. Thermostatistical properties of trapped q-deformed bosons

Now, let us consider an ideal gas of q-deformed bosons trapped in a D-dimensional power-law
potential. The energy spectrum of a single particle is

ε = aps +
D∑

i=1

Ui

∣∣∣∣ xi

Li

∣∣∣∣
ti

(13)

where a, s, Li , Ui and ti are all positive constants, p and xi are, respectively, the momentum
and the ith component of coordinate of a particle. It is seen that the potential is very general,
which includes a variety of particular potentials corresponding to the different values of Li ,
Ui and ti .

The total number of particles and total energy of the system are, respectively, given by

N =
∑

k

fk,q (14)

E =
∑

k

εkfk,q . (15)
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For the system of a large number of particles, the sum over state k may be replaced by the
integral over the phase space. Thus, according to equations (12) and (13), equations (14) and
(15) can be, respectively, expressed as

N = N0 +
g

2hD ln q

∞∑
j=1

(qj − q−j )
z
j
q

j

∫
exp

[
−jβ

(
aps +

D∑
i=1

Ui

∣∣∣∣ xi

Li

∣∣∣∣
ti
)]

D∏
i=1

dpi dxi

= N0 +
gCD�(D/s + 1)gη+1,q (zq)(kBT )η

∏D
i=1(2Li)�(1/ti + 1)

hDaD/s
∏D

i=1 U
1/ti
i

(16)

E = g

2hD ln q

∞∑
j=1

(qj − q−j )
z
j
q

j

∫ (
aps +

D∑
i=1

Ui

∣∣∣∣ xi

Li

∣∣∣∣
ti
)

× exp

[
−jβ

(
aps +

D∑
i=1

Ui

∣∣∣∣ xi

Li

∣∣∣∣
ti
)]

D∏
i=1

dpi dxi

= gCD�(D/s + 1)ηgη+2,q (zq)(kBT )η+1 ∏D
i=1(2Li)�(1/ti + 1)

hDaD/s
∏D

i=1 U
1/ti
i

(17)

where

N0 = 1

2 ln q
ln

z−1
q − q−1

z−1
q − q

(18)

is the number of particles in the ground state,

gl,q(zq) = 1

2 ln q

∞∑
j=1

(qj − q−j )
z
j
q

j l
(19)

may be called the q-deformed Bose integral, CD = πD/2/�(D/2 + 1) is the volume of a
D-dimensional sphere with unit radius, g is the spin degenerate factor, h is the Planck constant,
�(l) = ∫ ∞

0 xl−1 exp(−x) dx is the gamma function and η ≡ D/s +
∑D

i=1 1/ti . It can be seen
from equation (19) that there exists the following relation between gl,q(zq) and the ordinary
Bose integral gl(z1):

lim
q→1

gl,q(zq) = gl−1(z1). (20)

From equations (16), (18) and (19) we see that from the form of N and T, it is a natural
requirement that z1/q = zq , when q is replaced by 1/q. It is clear that equation (11) is true.
This implies that the thermostatistical properties of q-deformed bosons will remain unchanged
under the transformation of q ↔ 1/q. Thus, we shall restrict the following discussions to
q � 1.

It can be found from equation (16) that when z = 1/q and the particle number in the
ground state is still macroscopically negligible, i.e. N0 = 0,

T = 1

kB

[
NhDaD/s

∏D
i=1 U

1/ti
i

gCD�(D/s + 1)ζq(η + 1)
∏D

i=1(2Li)�(1/ti + 1)

]1/η

= T0

[
1

ζq(η + 1)

]1/η

≡ Tc,q

(21)

is referred to as the critical temperature of BEC of q-deformed bosons, where

T0 = 1

kB

[
NhDaD/s

∏D
i=1 U

1/ti
i

gCD�(D/s + 1)
∏D

i=1(2Li)�(1/ti + 1)

]1/η

(22)
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and

ζq(l) ≡ gl,q(1/q) (23)

may be called the q-deformed Riemann zeta function. It is easily proved that the relation
between ζq(l) and the Riemann zeta function ζ(l) is as follows:

lim
q→1

ζq(l) = ζ(l − 1). (24)

From equations (16) and (21), one can find that when T � Tc,q , the fraction of particles
in the ground state is given by

N0

N
= 1 −

(
T

Tc,q

)η

. (25)

The heat capacity with a given external potential and particle number is C = ∂E/∂T .
When T > Tc,q , we can derive

CT >Tc,q
= NkB

[
η(η + 1)

gη+2,q (zq)

gη+1,q (zq)
− η2 gη+1,q (zq)

gη,q(zq)

]
(26)

from equations (16) and (17). When T < Tc,q , zq = 1/q and the total energy may be expressed
as

ET <Tc,q
= gCD�(D/s + 1)ηζq(η + 2)(kBT )η+1 ∏D

i=1(2Li)�(1/ti + 1)

hDaD/s
∏D

i=1 U
1/ti
i

. (27)

Using equations (21) and (27), we get

CT <Tc,q
= NkBη(η + 1)

ζq(η + 2)

ζq(η + 1)

(
T

Tc,q

)η

. (28)

From equations (26) and (28), it can be found that the jump of the heat capacity between
T → T −

c,q and T → T +
c,q is

	C = CT →T −
c,q

− CT →T +
c,q

= NkBη2 ζq(η + 1)

ζq(η)
. (29)

4. Discussion

Equations (16), (21), (25), (26), (28) and (29) are the main results in the present paper. Starting
from these equations, we will further deduce some new thermostatistical characteristics of the
system.

(1) Equation (16) can be expressed as

N = N0 +
gV ∗

D

λD
gη+1,q (zq) (30)

where

V ∗
D =

D∏
i=1

(2Li)

D∏
i=1

�

(
1

ti
+ 1

) (
kBT

Ui

)1/ti

(31)

and

λ = ha1/s

π1/2(kBT )1/s

[
�(D/2 + 1)

�(D/s + 1)

]1/D

(32)

are, respectively, the effective volume and thermal wavelength of the system [27].
Equation (30) shows that the value of gη+1,q (zq) is independent of q for a given value of
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Figure 1. The critical temperature of q-deformed bosons as a function of q for different η.

the temperature T > Tc,q , since V ∗
D and λ are both independent of q. This indicates that when

T > Tc,q, zq should be such a function of q that gη+1,q (zq) is the same for various values of q.
(2) When q �= 1, ζq(η + 1) is convergent for any value of η > 0. Thus, according

to equation (21), BEC may occur for q-deformed bosons (q �= 1) trapped in an arbitrary
dimensional space and in any external potentials of power-law form. The result is different
from that for ordinary bosons (q = 1), which have been proved to be impossible to condense
when η � 1 [28].

Figure 1 shows the Tc,q ∼ q curves for some different η. It can be seen from figure 1
that Tc,q always increases with q. The increasing rates, however, are different for different
η. The smaller η is, the larger the influence of q on the critical temperature may be. When
η is small and q is far away from 1, Tc,q may be much higher than Tc,1. For the q-deformed
boson systems with a large η, however, the increase of Tc,q with q is very slow, so that Tc,q

may be very close to Tc,1. This shows clearly that the influence of q-deformation on the
thermostatistical properties of the system is small when η is large.

(3) From equation (25), one can find that when T � Tc,q ,∣∣∣∣dN0

dT

∣∣∣∣ = ηN

Tc,q

(
T

Tc,q

)η−1

. (33)

Equation (33) shows that when η > 1, the condensing rate of particles in the ground state
|dN0/dT | decreases from Nη/Tc,q to zero when the temperature is decreased from Tc,q

to zero and the N0/N ∼ T/Tc,q curve is concave. However, when η < 1, |dN0/dT |
increases from Nη/Tc,q to infinite when the temperature is decreased from Tc,q to zero
and the N0/N ∼ T/Tc,q curve is convex. When η = 1, |dN0/dT | remains constant for all
T � Tc,q and the N0/N ∼ T/Tc,q curve is a straight line. Figure 2 shows the three curves
mentioned above. It should be pointed out that the result obtained here is quite different from
that of ordinary bosons whose N0/N ∼ T/Tc,1 curves can only be concave [28].

(4) Equation (29) shows that when η � 1, 	C = 0 because ζq(η) is divergent. This
implies the fact that the heat capacity is continuous at Tc,q . When η > 1 and q �= 1, 	C �= 0
because ζq(η) is convergent. This implies the other fact that the heat capacity is discontinuous
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Figure 2. The ground state fraction of particles as a function of temperature for different η.
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Figure 3. The heat capacity as a function of temperature for a q-deformed boson system of η = 1.

at Tc,q . The result gives rise to the second obvious difference between q-deformed bosons
(q �= 1) and ordinary bosons, because the heat capacity of the latter is continuous at Tc,1 when
η � 2 and discontinuous at Tc,1 when η > 2 [28].

Using equations (16), (26) and (28) and the numerical calculation, one can expound on the
dependence of the heat capacity on the temperature. The curves of the heat capacity varying
with dimensionless temperature T/T0 for the systems of η = 1 and η = 1.5 are shown in
figures 3 and 4, respectively. It is seen from figure 3 that, for the system of η = 1, the heat
capacity is continuous but a turning point exists at Tc,q . The value of C at Tc,q decreases with
decreasing q. When q → 1, CT =Tc,q

→ 0 and the heat capacity increases smoothly with
increasing temperature. The result is quite natural, because Tc,q → 0 when q → 1. In this
case, no BEC occurs. From figure 4 one can find that, for the system of η = 1.5, there exists
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Figure 4. The heat capacity as a function of temperature for a q-deformed boson system of
η = 1.5.

a jump of the heat capacity 	C between T → T −
c,q and T → T +

c,q , which is determined by
equation (29). It is found that 	C becomes small when q comes close to 1, and 	C = 0 when
q → 1. The result is in accordance with the fact that the heat capacity is continuous for the
ordinary boson system of η = 1.5, which corresponds to the case of a boson system with D =
3, s = 2 and ti → ∞ (i = 1, 2, 3).

Another characteristic appearing in figures 3 and 4 is that for different q, the heat capacities
at high temperatures converge towards the same values as those for ordinary bosons, which
are NkB and 1.5 NkB for η = 1 and η = 1.5, respectively. In fact, at high temperatures, not
only the heat capacity but also other properties of q-deformed bosons will become the same
as those of ordinary bosons. One can reach the conclusion easily by analysing the behaviour
of the distribution function at high temperatures. When T 	 Tc,q , zq 
 1/q and then
equation (12) may be written as

fk,q ≈ q − q−1

2 ln q
zq exp(−βεk) = N

Z
exp(−βεk) (34)

where N = ∑
kfk,q is the total number of particles and Z = ∑

k exp(−βεk) is the partition
function of a single particle. Equation (34) is just the result of the Boltzmann distribution,
which is independent of q.

(5) The results of the present paper are very general and can be used to derive the
thermostatistical properties of some particular q-deformed boson and ordinary boson systems.
For example, when s = 2, a = 1/(2m) and ti → ∞ (i = 1, 2, . . . ,D), equations (21), (26)
and (28) are reduced to

Tc,q = h2

2πmkB

[
N

gVDζq(D/2 + 1)

]2/D

(35)

CT >Tc,q
= NkB

[
D

2

(
D

2
+ 1

)
gD/2+2,q (zq)

gD/2+1,q (zq)
− D2

4

gD/2+1,q (zq)

gD/2,q (zq)

]
(36)

CT <Tc,q
= NkB

D

2

(
D

2
+ 1

)
ζq(D/2 + 2)

ζq(D/2 + 1)

(
T

Tc,q

)D/2

(37)
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respectively. They are just the critical temperature and heat capacity of nonrelativistic q-
deformed bosons confined in a D-dimensional box of volume VD = ∏D

i=1 (2Li), which
has been discussed in [12]. When s = 2, a = 1/(2m) and ti = 2 and Ui

/
L2

i = mω2/2 (i =
1, 2, . . . ,D), equations (21), (26) and (28) will give the expressions for the critical temperature
and heat capacity of nonrelativistic q-deformed bosons trapped in an isotropic harmonic
potential with frequency ω. When q → 1, equations (21), (26) and (28) can be, respectively,
expressed as

Tc,1 = 1

kB

[
NhDaD/s

∏D
i=1 U

1/ti
i

gCD�(D/s + 1)ζ(η)
∏D

i=1(2Li)�(1/ti + 1)

]1/η

(38)

CT >Tc,1 = NkB

[
η(η + 1)

gη+1(z1)

gη(z1)
− η2 gη(z1)

gη−1(z1)

]
(39)

CT <Tc,1 = NkBη(η + 1)
ζ(η + 1)

ζ(η)

(
T

Tc,1

)η

. (40)

They are, respectively, the expressions for the critical temperature and heat capacity of an
ordinary boson system trapped in a D-dimensional power-law potential [28, 29]. If it is further
assumed that ti → ∞ (i = 1, 2, . . . , D), D = 3, s = 2 or 1 and a = 1/2m or c, the properties
of a nonrelativistic or ultrarelativistic ordinary boson system confined in a three-dimensional
box, which have been discussed in many textbooks [30, 31], can be directly derived from the
above results.

It is of significance to note that the idea of q-deformation involves more than just modifying
the already available physical models mathematically [32]. It not only gives a better chance
of understanding the peculiarities of undeformed theory, but also reveals the characteristics
of some ordinary quantum systems which may contain the q-deformed structures inherently
in themselves [33–35]. Recent investigations have revealed that the theory of q-deformation
may provide possible applications in a variety of areas, such as anyon physics [36, 37], vertex
models [38] and quantum mechanics in discontinuous spacetime [39], etc. One of the main
aims of the present paper is to introduce the quantum group symmetries in the thermodynamic
system and focus on the effects of q-deformation on the thermostatistical properties of a
trapped Bose gas. The results obtained here may be helpful to us for understanding further the
properties of a trapped Bose gas and for investigating the connection between the parameter q
and other parameters of the system.

5. Conclusions

We have studied the thermostatistical properties of a q-deformed boson system trapped in
a D-dimensional power-law potential, based on the q-deformed Bose–Einstein distribution.
Several important physical quantities of the system are derived analytically. It is shown that
many properties of q-deformed bosons (q �= 1), such as the condition that BEC occurs, the
critical temperature, the N0/N ∼ T/Tc,q curves and the continuity of the heat capacity at the
critical temperature, are different from those of ordinary bosons. However, these differences
will vanish when q → 1.

Although only one q-deformed boson system trapped in an external potential is studied,
the general expressions derived in the present paper can be used to explore the thermostatistical
properties of a variety of q-deformed boson and ordinary boson systems, such as q-deformed
boson systems confined in a box, q-deformed boson systems trapped in a harmonic potential
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and the systems of nonrelativistic or ultrarelativistic ordinary bosons and so on. Therefore,
the results obtained here are general and useful.
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